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P1 - Quasicrystals Structures and Fractals
E. L. Albuquerque
Departamento de Física, Universidade Federal do Rio Grande do Norte 59072-970 Natal-RN, Brazil
eudenilson@dfte.ufrn.br

One-dimensional quasicrystals can be modelled by quasiperiodic structures formed by mathematical sequences generated by
substitutions. They have been studied in several areas of mathematics, computer science and cryptography, among others. Their more
recent applications is in the field of condensed matter physics, whose appealing motivation is that they exhibit a highly fragmented
energy spectrum displaying a self-similar pattern. Indeed, from a strictly mathematical perspective, it has been proven that their
spectra are Cantor sets in the thermodynamic limit (for a review see [1]). The sequences are characterized by the nature of their
Fourier spectrum, which can be dense pure point (as for Fibonacci sequences) or singular continuous (as for Thue-Morse and
Double-period sequences).
It is the aim of this work to present some recent applications of these complex structures, from a strict mathematical point of view, in
Condensed Matter Physics. Consider a finite set χ (here χ = { A, B} , for example, with A and B being two different building
blocks) called an alphabet, and denote by χ * the set of all "words" of finite length (such as AABAB) that can be written in this
alphabet. Now let us define ζ as a map from χ to χ * by specifying that ζ acts on a word by substituting each letter (e.g. A) of
this word by its corresponding image, denoted by ζ ( A) . A sequence is then called a substitution sequence (like the quasiperiodic
structures considered here) if it is a fixed point of ζ , i.e. if it remains invariant when each letter in the sequence is replaced by its
image under ζ . These substitutional sequences can then be described in terms of a series of generations that obey particular inflation
rules. Let [a1,a2,...,ag] be g basic units, and define this pattern
G as sGtage n of thGe sequence. Then the next stage n+1 of the sequence is
obtained inductively from stage n by the inflation rule a → Ma , where a represents the column vector [ a1, a2 ,...a g ]t with t
denoting the transpose. Also M = (mij ) is a g × g matrix with non-negative integer matrix elements. The matrix M and its
successive applications fully determine the sequence. At each stage, ai is replaced by mi1a1 , followed by mi 2 a2 ,..., etc., for
i = 1,2,...g . A quite complex fractal energy spectrum, which can be considered as their basic signature, is a common feature of
these systems.

Thanks are due to the Brazilian Research Agency CNPq-PRONEX, MCT-NanoSemiMat and FINEP-CTInfra for
financial support.

[1]. Albuquerque E. L. and Cottam M.G. (2003). Theory of elementary excitations in quasiperiodic structures. Phys.
Rep. 376, 225-337.
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P2 - Bilbao Crystallographic Server
M.I. Aroyo1, J.M. Perez-Mato1, C. Capillas1, E. Kroumova1, S. Ivantchev1, G. Madariaga1, A.
Kirov2, H. Wondratschek3
1

Departamento de Física de la Materia Condensada, Uiversidad del País Vasco, 48080 Bilbao, Spain
Condensed Matter Physics Department, Faculty of Physics, Sofia University, 15064 Sofia, Bulgaria
3
Institut für Kristallographie, Universität, 76128 Karlsruhe, Germany
wmpararm@lg.ehu.es

2

The Bilbao Crystallographic Server (http://www.cryst.ehu.es) is a web site with crystallographic databases and programs. It can be
used free of charge from any computer with a web browser via Internet. The server has been operating for almost six years, and new
programs and applications are being added. The aim of the present contribution is to report on the current state of the server and to
provide a brief description of the accessible databases and programs. The utility of the available applications will be demonstrated by
examples of symmetry studies of phase transitions.
The server is built on a core of databases and contains different shells. The innermost one is formed by simple retrieval tools which
are the interface to the set of databases including the data from International Tables, Vol. A: Space-group symmetry, and the
maximal subgroups of space groups and plane groups of index 2, 3 and 4 listed in the International Tables Vol. A1: Symmetry
relations between Space Groups. Recently, we have started with the development of databases for the subperiodic groups: the
crystallographic data for the 80 layer groups including generators, general and special positions (International Tables Vol. E:
Subperiodic Groups) and their maximal subgroups of indices 2, 3 and 4 are already accessible on the server. Under development is a
database on incommensurate structures incorporating modulated structures and composites. A k-vector database with Brillouin-zone
figures and classification tables of the k-vectors (wave vectors) for space groups is also available.
The second shell contains applications which are essential for problems involving group-subgroup relations between space groups.
Given the space-group types of G and H and their index, the program SUBGROUP-GRAPH provides the chains of maximal
subgroups for a group-subgroup pair G > H, the different subgroups Hj and their distribution into conjugacy classes. The program
SUPERGROUPS calculates the different supergroups Gi of the group H of a given index. The Wyckoff-position splitting rules for a
group-subgroup pair are calculated by the program WYCKSPLIT.
The next shell includes programs on representation theory of space and point groups. REPRES constructs little-group and full-group
irreducible representations for a given space group and k-vector, CORREL deals with the correlations between the irreducible
representations of group-subgroup related space groups. The program POINT lists character tables of crystallographic point groups,
Kronecker multiplication tables of their irreducible representations and further useful symmetry information.
Parallel to the crystallographic software we develop a shell with programs facilitating the study of specific problems related to
solid-state physics, structural chemistry and crystallography. The programs PSEUDO and DOPE perform an evaluation of the
pseudosymmetry of a given structure with respect to a supergroup of its space group. Due to the different ways of estimating the
deviations between the initial and the possible high-symmetry configuration, the two programs study distinct and to a certain extent
complementary aspects of the pseudosymmetry problem.
Especially useful for phase transition studies is the software package SYMMODES, developed in collaboration with Stokes and
Hatch (Brigham Young University, Utah). It carries out a group-theoretical analysis of any structural phase transition. For a given
symmetry break G Æ H and a crystal structure specified by the Wyckoff positions of the occupied atomic orbits, the program
calculates the number and the polarizarion vectors of the possible primary and secondary symmetry modes and the corresponding
isotropy subgroups from the group-subgroup graph of maximal subgroups G > H. The program SAM calculates symmetry-adapted
modes for the centre of the Brillouin zone and classifies them according to their infrared and Raman activity. NEUTRON computes
the phonon extinction rules in inelastic neutron scattering. Its results are also relevant for diffuse-scattering experiments. A computer
program for studies of structural phase transitions with no direct group-subgroup relations between the two phases is recently made
available on the server. Specified the structures of the initial phases by the symmetry groups G1 and G2, the lattice parameters and the
atomic coordinates in the asymmetric units, the program calculates the possible transition paths characterized by a common subgroup
H of G1 and G2 , further restricted by symmetry constraints related to the occupied atomic orbits and the compatibility relations of the
initial lattices.
The symmetry information has been stored in a provisional CIF format. For the extension of the existing CIF-core dictionary, a list of
data names have been compiled for the plane, space and subperiodic groups.
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P3 - The Meyer property of cut-and-project sets
Ľubomíra Balková
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering
Czech Technical University
Trojanova 13, 120 00 Praha 2, Czech Republic
l.balkova@centrum.cz

We consider cut-and-project sets Σ(Ω) with compact acceptance window Ω ⊂ Rd. It is known that Σ(Ω) satisfies the Meyer property,
i.e. is a Delone set and there exists a finite set F such that
Σ(Ω)-Σ(Ω) ⊂ Σ(Ω)+F.
The investigation of the set F can be transformed to the problem of covering of the the difference set Ω-Ω by open copies Ω°. The
cardinality f(Ω) of the minimal covering is called the Meyer number of Ω. We study topological properties of the function f and show
that it is bounded on the space of convex compact sets Ω ⊂ Rd. We give estimates on the universal upper bound of the Meyer number
of Ω ⊂ R2.
We further show that f is not bounded if we relax the condition of convexity.
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P4 - Space filling polyhedra based on Delaney-Dress symbols
Attila Bölcskei
Dept. of Geometry, BUTE Budapest
bolcskei@math.bme.hu

After the discovery of the 219 (230) Euclidean three dimensional space groups many interesting questions have been investigated,
e.g. related to space filling polyhedra. The goal of this presentation is to illustrate a reconstruction process of some spatial tilings
based on a classification result of O.Delgado-Friedrichs [3]. In the background there stands the famous concise representation of
tilings, known as Delaney-Dress symbol.
The elaborated algorithms [1][2] work theoretically for any number of simplex orbits, however, on this poster we present only some
examples using just a few barycentric simplex orbits and many symmetries.

[1]. Bölcskei A. (2003) Space Fillings with many Symmetries, Periodica Polytechnica Ser. Mech. Eng., 47/1, 15-23.
[2]. Bölcskei A. (2003): Simple fundamental polyhedra in E3, In Proceedings of Dresden Symposium Geometry,
constructive & kinamatic, 41-48.
[3]. Delgado Friedrichs O. (1995) Euclidicity criteria for three-dimensional branched triangulations, PhD thesis
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P5 - Topological relationships between the diamond and quartz nets
Jean-Guillaume Eon
Instituto de Química, Universidade Federal do Rio de Janeiro, Brazil - jgeon@iq.ufrj.br
Nets are generally defined as periodic, infinite 3-connected graphs. The quotient graph of a net is the finite graph whose vertices and
edges map the translation classes of the vertices and edges of the net respectively, while satisfying the same incidence relationships
as their representatives. After a unit cell and crystallographic axes have been chosen, each edge of the quotient graph can be labeled
by the triplet index of the vector difference of the cells it joins. The topology of the net is then uniquely determined by its labeled
quotient graph.
Systematic methods for derivation of complex nets from simpler ones were analyzed by earlier workers [1]. All proposed methods
rely on topological transformations which should maintain, sometimes increase, the periodicity of the net, so that one can define their
action on the quotient graph of the net.
The process of deleting edges from the quotient graph for example, is equivalent to deleting the entire translation class of the
representative edge, called its line lattice, from the corresponding net. This process ends up to one of the possible periodic minimal
nets, for which deletion of any line lattice produces a graph which fails to be a net of the same periodicity. 2, 3, and 4-periodic
minimal nets were listed in [2]. Understanding the reversal of the process is of fundamental interest to the construction of new nets
by addition of edges to minimal nets.
As the simplest possible case, deletion of a single line lattice from the quartz net of quotient graph 3(4)1, leads to the minimal net of
quotient graph 3(32.4)1. Further condensation of two vertices of degree 3 by collapsing the edge between them leads to the diamond
net of quotient graph 2(4)1.
Reversal of the last step by insertion of an edge in the quotient graph 2(4)1 is unambiguous since both graphs are the quotient graphs
of minimal nets. In contrast, addition of the second edge to get 3(4)1 can be done in several non-equivalent ways. An alternative to
choose the right labeling of the new edge is to look at the rings and cages of the net; the cages and strong rings of the net map the
3-dimensional tiles of the embedding and their two-dimensional faces respectively. It is observed that the deleted edge of the quartz
net maps a line that crosses a tile of the embedding of its minimal net. Application of this property as a requirement for an acceptable
embedding of 3(4)1, leads also to the derivation of the NbO net.
Systematic derivation of new nets from minimal nets is not however straightforward. Most important nets have high cyclomatic
numbers, so that a great number of edges should be added; their derivation might not be much easier than their direct construction
using other ab initio method. In any case, one is compelled to analyze nets of progressively growing complexity, by increasing the
number of vertices and edges of its quotient graph.
In the above-described method, a net with two vertices of degree 3 is an intermediate between diamond and quartz, two nets with
regular degree 4. The passage from 3(4)1 to 2(4)1 involved edge-deleting and edge-condensing steps. Another topological
transformation is possible and makes use of the subdivision process, defined as the insertion of a new vertex on some edge of the
graph. Starting from 2(4)1, one can subdivide two arbitrary edges, then add a new edge between the two inserted vertices and finally
condense this new edge to get 3(4)1. The whole sequence will be called edge-knotting and its reversal, edge-unknotting. The quotient
graph of every 4-regular net can be derived by edge-knotting steps starting from 2(4)1.
Before applying the edge-knotting transformation to the derivation of the quartz net, it must be observed that the concept of the
labeled quotient graph can be extended to describe interpenetrating (disconnected) nets. The quotient graph of the cubic (primitive)
net, for example, is the bouquet of three loops labeled by the indices 100, 010 and 001 respectively. A second, translationally
equivalent net based on the center of the cell would be described by the same quotient graph. If, however, the conventional body
centered cubic axes are chosen, the edges of the quotient graph must be labeled as 110, 101 and 011. This new labeling enables the
unambiguous description of the two interpenetrating nets by a unique quotient graph, since only vertices with indices of the same
total parity can belong to the same component.
Applying the edge-unknotting transformation to 3(4)1 gives rise to two interpenetrating diamonds nets, each one being the dual of
the other. The topology of the quartz net can then be derived by knotting two edges per cage, one from each interpenetrating diamond
net.

[1]. Wells A.F. (1977): Three Dimensional Nets and Polyhedra, Wiley
[2]. Beukemann A. and Klee W.E. (1992). Minimal Nets. Z. Kristallogr., 201, 37-51
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P6 - Non-space group systematic absences in the diffraction patterns
of twins
Giovanni Ferraris
Dipartimento di Scienze Mineralogiche e Petrologiche, Università di Torino, and Istituto di Geoscienze e
Georisorse, CNR, 10125, Torino, Italy – giovanni.ferraris@unito.it

Consequent to twinning by reticular merohedry, the entire set of direct lattice nodes of a twin with twin index n consists of two parts:
(i) a twin Bravais lattice, which accounts for the subset of nodes shared by all j individuals forming the twin; (ii) nodes that belong
(normally) to only one of the j individuals. The latter nodes are called non-twin nodes. In general, the entire set of nodes does not
form a Bravais lattice. With reference to one individual, the twin Bravais cell contains m = gn nodes, where g is the Bravais
multiplicity of the cell. If the twin consists of j individuals, the twin Bravais cell contains g shared nodes and jg(n-1) non-twin nodes.
In the coordinate system of the twin cell, the set of atom coordinates belonging to an individual j is that of the reference individual as
transformed by the twin operations. The structure factor of the twin is expressed by
F(HKL) = ΣjG(HKL)jΣnexp{2πi[(pj/p'j)H + (qj/q'j)K + (rj/r'j)L]n};
pj/p'j, qj/q'j, rj/r'j (pj, p'j, qj, q'j, rj, r'j integers) represent the fractional components generated by the twinning operations; G(HKL)j is
the contribution of the individual j. The following cases occur.
1 - If [(pj/p'j)H + (qj/q'j)K + (rj/r'j)L]n is even for any j and n, F(HKL) = nΣjG(HKL)j holds. Consequently, each HKL node that
satisfies this condition receives a contribution G(HKL)j from each j individual. These are the nodes belonging to the twin lattice.
2 - If [(pj/p'j)H + (qj/q'j)K + (rj/r'j)L]n is such that Σnexp{2πi[(pj/p'j)H + (qj/q'j)K + (rj/r'j)L]n} = 0 for any j, F(HKL) = 0, i.e. the
corresponding HKL node has zero weight (is absent).
3 - If Σnexp{2πi[(pj/p'j)H + (qj/q'j)K + (rj/r'j)L]n} = 0 for all j but j-j' (j' < j) individuals, F(HKL) = [n - (j-j')]Σj-j'G(HKL)j-j' holds. The
HKL node is contributed only by (j-j') individuals; usually j-j' = 1.
A part twins by class I merohedry, the superimposed diffractions are usually non equivalent (Catti and Ferraris 1976). In twins by
reticular merohedry, non-space group absences are related both to presence of non-twin nodes and to space-group absences of
individuals [latter absences embedded in G(HKL)j; they only can occur in twins by class II merohedry (cf. Koch 1999).
Given that the twin cell is m times larger than the individual cell (primitive, for simplicity), normalizing to 1 the number of nodes of
the individual in reciprocal space, the number of nodes referred to the twin cell is m. Because a non-primitive twin cell is used, the
diffraction pattern of an individual shows m-1 absences. In the twin diffraction pattern, for each individual a fraction 1/n of
diffractions is superimposed to the same fraction of diffractions from each other j-1 individuals; instead, a fraction (n-1)/n of
diffractions does not superimpose. Thus, a total fraction j[(n-1)/n] of non-superimposed diffractions occurs in the pattern. To recover
the m-1 absences, it must be at least
j[(n-1)/n] = m – 1

(*).

Taking into account that j ≤ s ≥ n (s twin order; j = s in a complete twin), and m ≥ n, the following cases are possible. (i) j < n: eqn.
(*) cannot hold and non-space group absences must occur; (ii) j ≥ n: eqn. (*) may hold. In case (ii), the conclusion that no absences
occur in the twin diffraction pattern can be valid only if space group absences do not occur in the individual pattern. In other cases,
the pattern of the individual space-group absences is transformed into a non space-group pattern of absences by the twinning
operations. In conclusion, a twin diffraction pattern not affected by non space-group absences cannot be excluded a priori, but most
likely it is very rare.
The topic is fully developed in Ferraris et al. (2004); examples shall be given in the poster.

[1]. Catti, M., Ferraris, G. (1976). Twinning by Merohedry and X-ray Crystal Structure Determination. Acta
Crystallogr., A42, 163-165.
[2]. Ferraris, G., Makovicky, E. & Merlino, S. (2004). Crystallography of Modular Materials. Oxford University Press.
[3]. Koch, E. (1999). International Tables for Crystallography, Vol. C, pp. 10-14.
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P7 - Some thoughts on twinning by reticular polyholohedry
Giovanni Ferraris1 and Massimo Nespolo2
1

Dipartimento di Scienze Mineralogiche e Petrologiche, Università di Torino, and Istituto di Geoscienze e
Georisorse, CNR, 10125, Torino, Italy – giovanni.ferraris@unito.it
2
LCM3B – Université Henri Poincaré Nancy 1 – F54506 Vandœuvre-lès-Nancy, France –
massimo.nespolo@lcm3b.uhp-nancy.fr

Ferraris [1] and Nespolo and Ferraris [2] have further developed the concept of twinning by reticular polyholohedry originally
presented in [3]. The term reticular polyholohedry defines a type of twinning originated by the presence of a sublattice displaying the
same point symmetry as the crystal lattice but different orientation. A symmetry operation of the sublattice, which is not a symmetry
operation of the crystal lattice, can act as twin operation with results on the diffraction pattern of the same type observed for the
twinning by reticular merohedry.
In his studies of twinning, G. Friedel [in particular, Friedel (1926)] explicitly considered only sublattices displaying a symmetry
higher than that of the crystal lattice; a symmetry more generally “other than” that of the crystal lattice was however implicitly used
in his studies of quartz (Friedel 1923). Hahn and Klapper (2003) report examples of “polyholohedral” lattice/sublattice relationships
but do not consider them worth of a special category. As pointed out by Nespolo and Ferraris (2004) in their analysis of twins in
terms of complete (translational and point) lattice symmetry, twinning by reticular polyholohedry deserves instead a special category
because the twin lattice and the individual lattice differ in their translation group but have the same point symmetry, whereas in
twinning by reticular merohedry these two lattices differ both in the translation group and in the point group. So far only few cases of
twinning by reticular (pseudo)polyholohedry are known, likely because of the difficulty of discovering them in the literature.
Nespolo and Ferraris (2004) report the original case of tetragonal melilite (index 5), that of tetragonal SmS1.9 (index 5) mentioned
also by Hahn and Klapper (2003), and that of orthorhombic jonesite (index 2). Hahn and Klapper (2003) report the same type of
lattice/sublattice relationships in hexagonal crystals (index 7).
In tetragonal and hexagonal (and rhombohedral) crystals the occurrence of sublattices in polyholohedral relationship is endemic,
because the relationship is independent from the value of the a parameters. For example, in a tetragonal lattice the sublattices with a’
= a√5a, a√10, a√17,… are in polyholohedral relationship with the individual lattice (the twin indices are 5, 10, 17, … in the order).
In lower symmetry lattices, a polyholohedral relationship can occur only for special values of the cell parameters. In all the described
cases, lattice and sublattice share the axis of highest symmetry; instead, a relationship of polyholohedry for any orientation of the
relevant cell and supercell looks quite improbable. Note that in a cubic lattice a polyholohedral relationship is impossible because a
planar quadratic cells with a’ = a√5a, a√10, a√17,…cannot be the base of cube, being all periodicities in the perpendicular plane an
integer multiple of a.

[1]. Ferraris, G., Makovicky, E. & Merlino, S. (2004). Crystallography of Modular Materials. Oxford University
Press.
[2]. Nespolo, M., Ferraris, G. (2004). Applied geminography - Symmetry analysis of twinned crystals and definition of
twinning by reticular polyholohedry. Acta Crystallogr., A60, 89-95.
[3]. Ferraris G., Nespolo M. (2003). Applied geminography. ECM-21 Durban 24-29 August 2003, Abstr., 148.
[4]. Friedel, G. (1926). Leçons de Cristallographie, Berger-Levrault, Nancy, Paris, Strasbourg.
[5]. Friedel, G. (1923). Sur le macles du quartz. Bull. Soc. franç. Minér. 46, 79-95.
[6]. Hahn, T. & Klapper, H. (2003). Twinning of crystals. Sect. 3.3 in A. Authier (Ed.) International Tables for
Crystallography, Vol. D, edition. International Union of Crystallography / D. Reidel Publishing Company (2003).
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P8 - Remarkable features in lattice parameter ratios of crystals
R. de Gelder and A. Janner
NSRIM Institute, Radboud University Nijmegen, Toernooiveld 1, 6525 ED Nijmegen, The Netherlands alo@sci.kun.nl
The investigation of the lattice parameter ratios of tetragonal and hexagonal-rhombohedral inorganic compounds, as reported by
Constant and Shlichta [1], has been extended to the structural data one finds for organic and organo-metallic compounds in the
Cambridge Structural Database, CSD (294.400 entries), for the inorganic ones in the Inorganic Crystal Structure Database, ICSD
(53.600 entries) and for the bio-macromolecules in the Protein Data Bank, PDB (18.800 entries). The results obtained confirm the
general existence of sharp peaks as a function of ratios of lattice parameters and reveal additional exponential components, decaying
for large and small values of these ratios. Most of the peaks correspond to lattices having a metric tensor with rational entries
(integral lattices) [2]. The exponential component is interpreted as expressing a general statistical distribution valid for the generic
crystal lattices, normally considered. The exponential fraction dominates in the organic and organo-metallic cases (CSD), is much
less important for inorganic crystals (ICSD) and takes an intermediate character for bio-macromolecules (PDB). In particular,
unexpected is the qualitative difference between the distributions of orthorhombic crystals (for a ≤ b ≤ c) as a function of c/a and of
c/b, respectively. For the hexagonal lattices, in the inorganic case (ICSD) the most important peak is at c=a. This corresponds to the
isometric hexagonal lattice, first observed in the molecular form of the hexameric protein R-phycoerythrin [3] (Fig. 1). In the CSD
and PDB crystal data hexagonal peaks also occur at c = a and c = a/2 (001/2 centering). More peculiarities will be discussed in a
future paper.
y

b

a = 4r
°

x
r
°

a
z

4r°

x

Fig. 1. Hexameric R-phycoerythrin: hexagonal form with c=a=4ro

[1]. Constant B. and Shlichta P.J. (2003). Variations in abundance of known crystalline compounds as a function of
lattice constants. Acta Crystallogr. A59, 281-282.
[2]. Janner A. (2004). Integral lattices. Acta Crystallogr. A60, 198-200.
[3]. Janner A. (2004). Submitted for publication.
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P9 - Structural Properties of Non-standard One-dimensional
Quasicrystals
J. Hlinka
Department of Mathematics, Faculty of Nuclear Sciences and Physical Engineering, Czech Technical
University, Trojanova 13, Praha 2, 120 00, Czech Republic tel. +420 224358544 - jaroh@centrum.cz

Classical models for quasicrystals use the well known cut-and-project method. Usually one uses a connected acceptance window. In
our contribution we study the first generalization, i.e. one-dimensional cut-and-project sets whose acceptance window is a union of
two unit intervals. We describe the structure of considered quasicrystals are significantly more complicated, however, there are
always three, four or five distances between adjacent points. Such quasicrystals may be divided into several families, according to
their structure.
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P10 - On four-dimensional Crystallographic Groups
Eszter Horváth
Szilágyi Erzsébet Gymnasium, Budapest, Hungary - h_esz@freestart.hu

In his paper [4] S.S. Ryshkov gave the groups of integral automorphisms of the following quadratic forms as maximal groups
(according to E.C.Dade [7]):
(T)

T(x)=4x1x1 + 4x2x2 + 4x3x3 + 4x4x4 + 2x1x2 – 4x1x3 – 4x1x4 -4x2x3-4x2x4 + 2x3x4

(P4) T(x)=4x1x1 + 4x2x2 + 4x3x3 + 4x4x4 - 2x1x2 – 2x1x3 – 2x1x4 -2x2x3 - 2x2x4 - 2x3x4
(S4) T(x)=x1x1 + x2x2 + x3x3 + x4x4 - x1x2 - x2x3 - x3x4
(B)

T(x)=x1x1 + x2x2 + x3x3 + x4x4 - x1x2 - x3x4

(C4) T(x)=x1x1 + x2x2 + x3x3 + x4x4
(Q4) T(x)=x1x1 + x2x2 + x3x3 + x4x4 + x1x2 – x1x3 – x1x4 - x2x3 – x2x4
These groups can be considered as maximal point groups of some four-dimensional translation lattices in E4. Let e1, e2, e3, e4 denote
the basis vectors of any above lattice T. The quadratic form T(x) is the length square of the vector x = x1⋅e1+x2⋅e2+x3⋅e3+x4⋅e4. The
maximal reflection group of each point group, its fundamental domain, then the reflection group in the whole symmetry group of the
lattice and its fundamental domain will be determined. This program will be carried out first on group (T). G. Maxwell [6] raised the
question whether group (T) was a reflection group. He supposed that it wasn’t. I proved that he had been right. I gave the answer to
this problem in the other cases as well.
On the poster an introduction on the problem will be given. I am going to outline briefly the applied methods. I illustrate by figures
the results. I shall give to the location of the considered groups in the tables of the monograph [2].

[1]. Coxeter H.S.M. and Moser W.O.J. (1965). Generators and relations for discrete groups. 2nd ed., Ergebnisse der
Math.und ihrer Grenzgebite, Bd.14, Springer Verlag, New York.
[2]. Brown H., Bülow R., Neubüser J., Wondratschek H., and Zassenhaus H. (1978). Crystallographic groups of
four-dimensional space, Wiley-Interscience
[3]. Bourbaki N. (1972). Lie Groups and Algebras IV-VI. (Russian edition).
[4]. Ryshkov S.S. (1972). Maximal finite groups of integral n x n matrices and full groups of integral authomorphisms
of positive quadratic forms (Bravais models), Trudy Mat. Inst. Steklov Vol.128, pp.183-211, (in Russian). Proc.
Steklov Inst. Math. Vol. 128. pp. 217-250, (in English)
[5]. Ryshkov S.S. (1972). On complete groups of integral automorphisms of quadratic forms. Soviet. Math. Dokl., 13,
1251-1254.
[6]. Maxwell G. (1975). The Crystallography of Coxeter groups. J. Algebra 35, 159-178.
[7]. Dade E.C. (1965). The maximal finite groups of 4*4 integral matrices. Illinois J. Math., 9, N1, 99-122
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P11 - Neutron in-situ diffraction study of twins and gas volumetry in
YBCOx
B. Khoshnevisan, D.K. Ross, L. Zhang*
Institute for Materials Research, Maxwell Building, University of Salford, Salford UK M5 4WT L.F.Zhang@pgr.salford.ac.uk
The most prominent structural defects in YBa2Cu3O6+x (x>0.5) are twins and twin layers are easily revealed in the (001)
observation plane by electron microscopy methods [1]. Below 750ºC, the sample undergoes a tetragonal to orthorhombic I (T/OI)
structural phase transition, resulting in twinning in the (110) or perpendicular planes. Splitting of long-range order reflections in the
diffraction pattern beginning from third-order peaks, proving the existence of twin symmetry [2].
The advantage of using the YBa2Cu3Ox system to investigate this process is the degree of controllability of this phase transition
under in situ equilibration in appropriate oxygen partial pressures at elevated temperatures (>400°C) [3]. The twin geometry in the
basal plane is indicated in the Fig.1 and the corresponding geometry in the reciprocal space is illustrated in the Fig. 2. We firs of all
define the Orthorhombicity, S, where S=2 (b-a)/(a+b), the actual position of lattice point in the real space can be defined with
Cartesian Co-ordinates x, for convenience, we choose the Cartesian Co-ordinates parallel to the twin boundary, with corresponding
unit vector i and j. The phase difference between the two adjacent twins is given by [4],
Dt = [ T ( b2-a2) / √ ( a2+b2) ] j
Similarly, using the Cartesian co-ordinate system in reciprocal space also is possible as Fig. 2: For each pair of split points in effect
of twining in the basal plane, the separation of these points is:
Dq hk= Qhk-Qkh = Dq hk = ( h + k ) [( b* 2 - a* 2 ) /√ ( a*2 + b*2 ) ] i
This means that the reciprocal space separation between the [hk0] and [kh0] points depends on the order of reflection ( h & k ) .
Now the phase difference caused by the separation in the real space from any vector in reciprocal space, Q, is: Φ = Q.Dt Æ π.
Therefore the phase difference from the separated points in the Tth layer after T.B. is:
Φhk(t) = Qhk . Dt = Φhk(t) ≈ 2π t ( h + k ) S

( where : S = ( b – a ) / <a> )

Where h, k are the particular reflection indices, S is the orthorhombicity, denoted by (b-a)/(b+a), and T is the twin spacings. The
characteristic that distinguishes this from a mixed phase system is that the reflections can go through gradually the sequence of a
single peak, a triple peak to a double peak as (h+k) increases. In contrast, for a first order transition, the central peak would remain
with constant relative intensity for all orders. In situ powder neutron diffraction study of the effect of twinning on the measured
pattern of YBCO at high temperatures (500ºC-600ºC) on OSIRIS at ISIS, (Fig.3) The failure of a very good fit is because of the
obvious hkl-dependent line broadening, indicating the presence of twins. Rationally in a (110) twinned system the [hh0] lines must be
the narrowest series of reflections and because of the maximum breaking of the crystal’s symmetry along the <h00> direction, the
[h00] reflections should show the highest broadening.

[1]. Moodie A. F. Whitfield H. J. (1988). Ultramicroscopy 24, 329
[2]. Mitchelle Mercer (1997). PhD Thesis, University of Salford.
[3]. Khoshnevisan B, Ross D K, Broom D P and Babaeipour M (2002). J.Phys.: Condens. Matter 14, 1-16.
[4]. Shekhtman V. S. (1993). The Real Structure of High-Tc Superconductors. Springer Series in Materials Science 23

Fig. 1 two adjacent twins in real
space
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Fig. 2 two adjacent twins in reciprocal space

Fig. 3 YBCO 600

MaThCryst – International Workgroup on Mathematical and Theoretical Crystallography
http://www.lcm3b.uhp-nancy.fr/mathcryst/

750mbar

Crystallography at the start of the 21st century: Mathematical and Symmetry Aspects
ECM-22 - XXII European Crystallographic Meeting, Satellite Conference – Budapest, Hungary, 24-26 August, 2004

P12 - Opechowski’s magic relations
Vojtěch Kopský,
Institute of Physics, AV ČR, Na Slovance 2, 182 21 Praha 10, and Pedagogical Faculty, Technical
University Liberec, Hálkova 6, 461 17 Liberec 1, Czech Republic - kopsky@fzu.cz

There exist relations between tensors of the same intrinsic symmetry but different space and time parities due to which related tensors
have the same equilibrium form for accordingly related magnetic point groups. Such relations, observed in their simplest form by
Opechowski in 1973 and explained later by the author, are now generalized. It is shown that complete decompositions of related
tensors into tensorial covariants are identical for related isomorphic magnetic point groups if matrices of their irreducible
representations are identical for those group operators which have the same proper rotation part.

[1]. Opechowski, W (1975) Magnetoelectric Symmetry. In A.J. Freeman and H. Schmid (Eds.) Magnetoelectric
Interaction Phenomena in Crystals. Gordon and Breach, New York, pp. 47-55.
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P13 - Origin of the ferroelectricity in YMnO3
Gwilherm Nenert
Solid State Chemistry Department, University of Groningen. Nijenborgh 4, NL-9747 AG Groningen, The
Netherlands - g.nenert@chem.rug.nl

Ferroelectric materials have a spontaneous electric polarization that can be switched by an applied electric field. They are used in a
wide range of applications, including data storage and as capacitors, transducers and actuators, as a result of their wide variety of
physical and electronic properties. Then a good understanding of the ferroelectrocity in magnetic ferroelectric oxides is of both
fundamental and technological importance.
Currently two distinctly different chemical mechanisms for stabilizing the distorted structures in ferroelectric oxides have
been identified. A recent article on the ferroelectric phase transition in the hexagonal manganite, YMnO3, using a combination of
single-crystal X-ray diffraction, thorough structure analysis and first-principles density-functional calculations claimed the discovery
of a new mechanism for ferroelectricity [1]. The ferroelectric phase is characterized by a buckling of the layered MnO5 polyhedra,
accompanied by displacements of the Y ions, which lead to a net electric polarization. They show that the mechanism is driven
entirely by electrostatic and size effects, rather than the usual changes in chemical bonding associated with ferroelectric phase
transitions in perovskite oxides.
This article does not describe fully the nature of an intermediate phase which is a key element in the derivation of this
new mechanism for the ferroelectricity. In the light of some group theoretical elements, we will discuss the possible different
scenarios [1], [2] and proposed a new one for explaining the origin of the ferroelectricity in YMnO3.

[1]. Van Aken B.B., Palstra Th.T.M., Filippetti A. and Spaldin N.A. (2004). The origin of ferroelectricity in
magnetoelectric YMnO3. Nature Materials, 3, 164 - 170
[2]. Lonkai Th., Tomuta D.G., Amann U., Ihringer J., Hendrikx R.W.A., Többens D.M. and Mydosh J.A. (2004)
Development of the high-temperature phase of hexagonal manganites. Phys. Rev. B, 69,134108-134117.
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P14 - The structure of domain boundaries in selenourea: evidence
from the absolute structure of a twinned crystal
John S. Rutherford, and Demetrius C Levendis2
1

National University of Science & Technology, Zimbabwe; 2University of the Witswatersrand, South Africa john.rutherford9@btinternet.com

Selenourea, SeC(NH2)2, trigonal P31 or P32, z = 27, z’ = 9, is a classic difficult structure [1]. The structure shows a number of levels
of pseudosymmetry, so that, even in the rare case of obtaining a single crystal, it is difficult to identify the space group. Crystals
above a certain size are invariably merohedral twins.
Data from a twinned crystal with 0.63(2) of one component have been refined to an R-factor of 0.036. The composite is homochiral,
space group P32, Flack parameter 0.01(2). This improved structure determination clarifies the hydrogen bonding arrangement in
selenourea; in all 24 of the 36 hydrogen atoms per asymmetric unit are used in N-H…Se bonds.
Using the descent in symmetry originally applied to solving this structure, it is possible to choose a hypothetical parent symmetry
group for this twin system, and to deduce by mathematical analysis that the two principal domain states observed may occur as six
secondary domain states in all. Models will be presented for the most likely location, orientation, structure and local symmetry of
domain boundaries, both between principal and between secondary domains, based on best fits of molecular positions across the
boundary. Each transition region contains a layer more than 500 pm thick which is common to both individuals.

[1]. Rutherford J S. and Calvo C. (1969). The crystal structure of selenourea. Z. Kristallogr., 128, 229-258.
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P15 - Systemic crystallography and mathematics
N.L. Smirnova
Moscow State University - snl194@mail.ru

Systemic crystallography is the intersection of two sciences systemology (Bogdanov tectology) and crystallography. Systemology
studies universal world laws of nature organization. These laws can be used for simulating prognostic schemes in different sciences.
The universal world laws are: ordered and disordered combinatory, the law of whole small numbers and monotypy. All systems
consist of elements of different levels. I suppose that in any system there are about 4 elements – which I represent as an alphabet.
Using this alphabet and universal world laws one can compose all the objects of any system. There are 4 fundamentals that are in all
systems: matter (element, object, population), movement (relations of interaction, conservation, change, repetition = symmetry,
qualitative, quantitative order), space, and time.
In 1950’s the OD theory was developed and with the help of combinatorial geometry I find, that valences of cubooctahedron vertices
may be 1, 2, 3 and 4 and they build 11 combinations. Polyhedrons with the same or mixed valences of all vertices were composed in
some basic structures, and members of modular ordered or disordered series, twins and micro twins were revealed. In the late 1950’s
when analyzing simulated and realized superstructures I came to the conclusion that all complex structures are superstructures. There
are 40 synonyms now for the notion superstructure. All complex structures are composed of zero, one, two or three-periodic elements
with or without superstructures. Combinatory is the main technique to design all things. It may be ordered and disordered. Belov
classes and subclasses of symmetry groups were revealed for modular structures.
The goal of this work was to study the system of polyhedrons. Polyhedrons of Plato, Archimedes, Hessel, simple forms and dual
isogons, Villars-Daams and Aslanov coordination polyhedrons, external forms of more then 300 tetragonal and hexagonal crystals,
some V-D domains and a few Schlegel diagrams were included in the system of polyhedrons. Codes of all polyhedrons were
determined. They consist of face codes, vertices and vertexon codes. The faces are n-gons with n = 3-12, 14 and 16. Vertex codes
may be total and consist of the sum of all n-gon’s that meet at the vertex. Total codes are 3 – 9 and .12. There are 34 vertexons codes
that consist of combinations of 11 total different vertex codes: 0, 1, 2, 3, 4, 5, 23, 24, 34, 35, 36, 38, 3.12, 45, 46, 48, 56, 57, 146, 345,
346, 347, 348, 356, 359, 456, 567, 3456, 3457, 3459, 3469, 4567, 34567, 34679. The 87 vertex code occurrences are: (TV – Ia): 0 – 1,
1 – 2, 2 – 3, 3 – 19, 4 – 19, 5 – 15, 6 – 13, 7 – 7, 8 – 3, 9 – 4, 12 – 1. The vertex cоde may be more detailed and consist of 1, 2, 3 and
4 numbers (the law of whole small numbers). Every number means the sum of n-gons with the same n. Тhere are 25 detailed vertex
codes: 3, 12, 111, 4, 13, 22, 112, 1111, 5, 14, 23, 122, 6, 15, 24, 33, 222, 7, 16, 25, 34, 223, 8, 9 and .12. Eight of them are of the
same colour (bold figures) and 16 are of mixed colors and composed of the figures 1, 2, 3, 4, 5 and 6. There are 170 vertexon codes
that consist of combinations of detailed different vertex codes. Code systems are open.
Plain and linear complication schemes of codes were composed. Homological, arithmetic, Fibonacci series were revealed. Sphere
packings for polyhedrons were studied.

[1]. Grunbaum B. and Shephard G.C (1987). Tilings and patterns. Freeman and Co.. N.Y.
[2]. Daams J.L.C. and Villars P (1994). Atomic-Environment classification of the hexagonal “intermetallic” structure
types. J. Alloys and compounds, 215, 1 – 34.
[3]. Smirnova N.L. (2000). Atomic-Environment code system. Geol. Bull., 55, 1, 46-55.
[4]. Smirnova N.L. (2004). Combinatorial Analysis of Crystals. Crystallogr. Rep.. 49, № 4.
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P16 - A new approach for solving quasicrystal structures
X.D. Zou, J. Christensen, H. Zhang, P. Oleynikov and S. Hovmöller
Structural Chemistry, Stockholm University, SE-106 91 Stockholm, Sweden - zou@struc.su.se
Since the first report of quasicrystals was reported 20 years ago, great efforts have been made to find out the nature of quasicrystals.
Different approaches are made to determine the structures of quasicrystals. One approach of solving quasicrystal structures is from
their approximants, since it was found by high resolution electron microscopy that quasicrystals and their approximants have very
similar building clusters. In many cases, a series of approximants is related to a quasicrystal[1]. The unit cell dimensions of different
approximants within the same series increase by the golden number τ, τ2, τ3… At the end of such a series, when the unit cell
dimensions become infinite, a quasicrystal is formed. Based on this, a few structure models have been proposed for different
quasicrystals. However, there is no general procedure for solving quasicrystal structures from their approximants.
Recently we have derived a new general approach for solving quasicrystal structures from their approximants. By analysing the
structure factor phases and amplitudes of the approximants within a series, we found the common features among those approximants.
Those common features should also exist in the corresponding quasicrystal. In this way, we can generate the structure of a series of
approximants with unit cells inflated by τ, and finally the perfect structures of quasicrystals. For example, the approximants starting
with Al13Fe4 [2](C2/m, a = 15.489, b = 8.083, c = 12.476 Å and β = 107.71°) approach the decagonal quasicrystal in the Al-Fe system
(Fig. 1). This method is general and can be applied to all types of quasicrystals, including decagonal and icosahedral quasicrystals.

(a)

(b)

Fig. 1 (a) Projection of the Al13Fe4 related quasicrystal deduced from the structure of Al13Fe4. (b) The corresponding Fourier
transform of (a).

[1]. Ma, X. L., Li, X. Z., Kuo, K. H. (1995) A family of -inflated monoclinic Al13Co4 phases. Acta Crystallogr., B51,
36-43.
[2]. Freiburg, C., Grushko, B., Wittenberg, W., Reichert, W. (1996) Mater. Sci. Forum. 228-231, 583-586.
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Late Abstract - Visualization of space groups of E4
László Ács
Department of Mathematics Széchenyi István University, 9026 Győr, Hungary - acs@sze.hu

MSC 2000: 20H15, 51F15
We have determined fundamental domains (Dirichlet-Voronoi cells) for the 25 space groups of the decagonal and icosahedral crystal
families, and we intend to illustrate the edge structure of D-V cells for 25 space groups on computer screen (only these families have
5 and 10 order transformations) [1].
The poster shows fundamental domains of 27/01/01 and 31/04/01 [2] space groups, belonging to the decagonal and icosahedral
crystal families, respectively.
Our recognition is that 4 space groups of icosahedral crystal family (31/04/02, 31/07/02, 31/04/01, 31/07/01) contain the Coxeter
reflection group A4 [3,4].
We illustrate that the space group 31/04/01 contains the Coxeter reflection group A4 of index 5.

References
[1]. Ács, L. – Molnár, E. Algorithm for D-V cells and fundamental domains of Ed space groups (to decagonal and
icosahedral families in E4), Pure Mathematics and Application, Vol 13. No. 1-2, pp 1-20 (2002).
[2]. Brown, H. – Bülow, R. – Neubüser, J. – Wondratschek, H. – Zasssenhaus, H., Crystallographic groups of
four-dimensional space, A.Wiley – Interscience, (1978).
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